Abstract. A basic question concerning indecomposable Soergel bimodules is to understand their endomorphism rings. In characteristic zero all degree-zero endomorphisms are isomorphisms (a fact proved by Elias and the second author) which implies the Kazhdan-Lusztig conjectures. More recently, many examples in positive characteristic have been discovered with larger degree zero endomorphisms. These give counter-examples to expected bounds in Lusztig's conjecture. Here we prove the existence of indecomposable Soergel bimodules in type A having non-zero endomorphisms of negative degree. This gives the existence of a non-perverse parity sheaf in type A.
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Soergel and Singular Soergel Diagrammatics
2.1. Hecke algebra and spherical module. Fix n ≥ 0. Let W := S n denote the symmetric group on n letters, viewed as a Coxeter group (W, S) where S = {s i } 1≤i≤n−1 is the set of simple transpositions (i.e. s i := (i, i + 1)), with length function and Bruhat order ≤. Let H denote the Hecke algebra of (W, S) with standard Z[v ±1 ]-basis {h x } x∈W and Kazhdan-Lusztig basis {b x } x∈W (e.g. b s = h s + vh id for all s ∈ S). We write b x := β y,x h y (so β y,x are Kazhdan-Lusztig polynomials). For any expression x := (s 1 , s 2 , . . . , s m ) we set b x := b s1 b s2 . . . b sm .
For any subset A ⊂ S we denote by W A the (standard parabolic) subgroup it generates, by w A ∈ W A the longest element and by W A the minimal coset representatives for W/W A . Corresponding to A we have the spherical (left) module M with its standard basis {m x } x∈W A and Kazhdan-Lusztig basis {c x } x∈W A (see [Soe97, §3] , note however that we work with left modules throughout). We write c x := y,x∈W A γ y,x m y (so γ y,x are spherical Kazhdan-Lusztig polynomials). The map m x → h xw A gives an embedding φ :
2.2. Diagrammatic Soergel bimodules. Fix a field k of characteristic p ≥ 0 and let R := k[x 1 , . . . , x n ] be graded with deg x i = 2. The symmetric group W acts naturally on R via permutation of variables. To W and R one may associate an additive graded and Karoubian monoidal category H of "diagrammatic Soergel bimodules" as in [EW16] . We denote the shift functor on H by B → B(i) for i ∈ Z. For any expression x we denote by B x the corresponding Bott-Samelson object in H and (if x is reduced) by B x its maximal indecomposable summand. By [EW16, Theorem 6 .26] the set {B x | x ∈ W } is a complete set of isomorphism classes of indecomposable objects in H, up to shift and isomorphism. We denote by 2.3. Diagrammatic Spherical category. For any subset A ⊂ S we denote by M the spherical category associated to A (see [Eli16, §5] ). It is a graded additive Karoubian left H-module category with shift functor C → C(m). We denote by C id the "identity" of M (in the notation of [Eli16] , C id is given by the empty diagram consisting only of the A-colored membrane). For any expression x we denote by C x the object B x · C id and (if x is a reduced expression for x ∈ W A ) by C x its maximal indecomposable summand. The set {C x | x ∈ W A } is a complete set of isomorphism classes of indecomposable objects in M, up to shift and isomorphism. We denote by [M] the split Grothendieck group of M (a Z[v ±1 ]-module as above) and by ch : M → M the character (it is uniquely characterised by ch(C x ) = c x and ch(C(1)) = v ch(C)). The character map satisfies ch(BC) = ch(B) ch(C) for all B ∈ H and C ∈ M, and induces an isomorphism ch : As in the introduction, we say that an indecomposable object X ∈ H (resp. X ∈ M) is perverse if it has no non-zero endomorphisms of negative degree. (This terminology comes from [EW14] , where such bimodules play a key role in the proof of Soergel's conjecture.) The following lemmas are a direct consequence of the hom formulas above (see [EW14, (6.1)]):
Below we will prove that there exists a non-perverse object in M. By (2.1) non-perverse objects in M produce non-perverse objects in H by application of the functor Φ.
Intersection forms in M. In what follows we identify W
A and W/W A via the canonical isomorphism given by the composition
e. x ≤ y ∈ I ⇒ x ∈ I) we denote by M I the ideal of M generated by all morphisms which factor through an object C y , for any reduced expression y for y ∈ I.
Given x ∈ W A we denote by M ≥x the quotient category M/M ≥x where ≥x := {y ∈ W A | y ≥ x}. We write Hom ≥x for (degree zero) morphisms in M ≥x . All objects C x corresponding to reduced expressions x for x become canonically isomorphic to C x in M ≥x . For C ∈ M and any x ∈ W A the spaces
are free as graded left R-modules of graded rank p x where ch(M ) = x∈W A p x m x . In particular, we have End ≥x (C x ) = R. Given an expression w and an element x ∈ W A , the intersection form is the canonical pairing
where R + ⊂ R denotes the ideal of elements of positive degree. 2.6. Parabolic defect. Fix a word y = s i1 . . . s im in S representing an element y ∈ W . A subexpression of y is a sequence e = e 1 . . . e m with e i ∈ {0, 1} for all i. We set y e := s e1 i1 . . . s em im ∈ W . Any subexpression e determines a sequence y 0 , y 1 , . . . , y m ∈ W via y 0 := id , y j := s em+1−j im+1−j y j−1 for 1 ≤ j ≤ m (so y m = y e ). Given a subexpression e we associate a sequence d j ∈ {U, D, S} (for U p, Down, S tay) via
We usually view e as the decorated sequence (d 1 e 1 , . . . , d m e m ). The parabolic defect of e is pdf(e) := |{i | d i e i = U 0 or S1}| − |{i | d i e i = D0 or S0}|. 
where x e is viewed as an element of W/W A . 
Lemma 3.1. If the above hypotheses are satisfied, then there is a non-perverse indecomposable object in M over the field F 2 .
Proof. Suppose, for contradiction, that there is no non-perverse indecomposable object in M over the field F 2 . By Lemma 2.2 we have By Equations (3.2) and (3.3), we have that v −1 m x appears in the expansion of 2 m w in the standard basis. Now apply Lemma 2.2 again.
3.2. The elements w and x. Consider the string diagram in Figure 1 . We denote the corresponding reduced expression (obtained by reading from bottom to top) as w, so that w = (s 1 , s 2 , . . . , s 14 , s 2 , s 3 , . . . , s 13 , s 4 , s 5 , . . . , s 12 , s 3 , s 4 , . . . , s 11 , . . .) =: (t 1 , . . . , t 78 ).
Let w ∈ W
A be the element represented by w. By [Wil17, Lemma 5.5] (or by simple inspection), w is reduced. Let us define x := w B ∈ W A .
